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Abstract
For the SU(N) invariant supersymmetric matrix model related to membranes in
11 space-time dimensions, the general (bosonic) solution to the equations Q†βΨ = 0
(QβΨ = 0) is determined.
∗Heisenberg Fellow
1
Continuing [1], I present the explicit form of all SU(N)-invariant wave functions
Ψ = ψ +
1
2
λaλb ψab + · · · +
λa1 · · ·λaΛ
Λ!
ψa1···aΛ , (1)
Λ = 8(N2−1), {λa, λb} = 0 = {∂λa , ∂λb}, {λa, ∂λb} = δab, satisfying Q
†
βΨ = 0 (QβΨ = 0),
β = 1, . . . , 8 arbitrary (but fixed), when
Qβ = M
(β)
a λa + D
(β)
a ∂λa , Q
†
β = M
(β) †
a ∂λa + D
(β) †
a λa (2)
with
M
(β)
αA = δαβ iqA + iΓ
j
αβ
∂
∂xjA
−
1
2
fABC xjB xkC Γ
jk
αβ (3)
D
(β)
αA = δαβ 2∂A − ifABC xjB zCΓ
j
αβ , (4)
α, β = 1, . . . , 8, j, k, l = 1, . . . , 7, A,B,C = 1, . . . , N2 − 1, {Γj ,Γk} = 2δjk1, Γj = −Γj .
In order to resolve the non-commutativity of M with M †, consider
Q˜
†
β := F
−1
β Q
†
β Fβ (5)
with
Fβ = exp
(
1
6
fABC xjA xkB xlC ujkl(β)
)
. (6)
While (6) commutes with D†, the unwanted 3rd term in
M
(β) †
αA = −iδαβ qA − iΓ
j
αβ
∂
∂xjA
−
1
2
fABC xjB xkC Γ
jk
αβ (7)
will be removed, provided
Γjαβ ujkl(β) = iΓ
kl
αβ (8)
for all α, k, l (and arbitrary, but fixed β).
In the representation
iΓˆjk8 := δjk , iΓˆ
j
kl := −cjkl , (9)
where the cjkl (totally antisymmetric) are octonionic structure constants satisfying
cjkl cmnl = δ
j
m δ
k
n − δ
j
n δ
k
m −
1
6
ǫjkmnrst crst (10)
(cp. [2], where this representation was already used in a truncation of the 11-dimensional
model to N = 1 sypersymmetry, with a non-normalizable zero-energy state of the form
(6)) the solution of (8) turns out to be
uˆjkl(β) = cjkl
{
+1 if β = j, k, l or 8
−1 if β 6= j, k, l and 8
(11)
2
(which is easy to check, using Γˆjkl8 = −cjkl and Γˆ
kl
mn = δ
k
mδ
l
n − δ
k
nδ
l
m +
1
6
ǫklmnrstcrst; the
representation invariant form of (11) is i(Γjkl)ββ).
In order to solve the equation Q†βΨ = 0 (QβΨ = 0), consider Q˜
†
β(F
−1
β Ψ) = 0, i.e.((
−iδαβ qA − iΓ
j
αβ
∂
∂xjA
)
∂
∂λαA
+ D
(β) †
αA λαA
)
ψ˜ = 0 , (12)
or, in components,
(2k − 1)D
(β) †
[a1
ψ˜a2···a2k−1] = N
(β) †
a2k
ψ˜a1···a2k , (13)
k = 1, 2, . . .K := 4(N2 − 1) with
N
(β) †
αA := −iδαβ qA − iΓ
j
αβ
∂
∂xjA
= F−1β M
(β) †
αA Fβ = −N
(β)
αA . (14)
Using
JE ψ˜ := −ifEAA′
(
xjA
∂
∂xjA′
+ zA ∂A′ + zA ∂A′ + λαA ∂λ
αA′
)
ψ˜ = 0 (15)
one can show that the general solution of (12)/(13) is
ψ˜a1···a2k = −(2k)(2k − 1)N
(β)
[a1
(N+N)−1 D(β) †a2 ψ˜a3···a2k ] + ψ˜
(h)
a1···a2k
, (16)
hence the general solution of Q†βΨ = 0
ψa1···a2k = −(2k)(2k − 1) Fβ N[a1 (N
†N)−1 D†a2 F
−1
β ψa3···a2k ] + ψ
(h)
a1···a2k
, (17)
where N (β) †a2k (F
−1
β Ψ
(h)
a1···a2k
) ≡ 0, i.e. M (β) †a2k ψ
(h)
a1···a2k
≡ 0. Analogously, the general solution
of QβΨ = 0, i.e.
(2k − 1)M
(β)
[a1
ψa2···a2k−1] = Da2k ψa1···a2k , (18)
is given by
ψa1···a2k−2 = F
−1
β (N
† N)−1 N (β) †a D
(β)
b Fβ ψa1···a2k−2ab + ψ
[h]
a1···a2k−2
(19)
with M
(β)
[a ψ
[h]
a1···a2k−2]
≡ 0.
Perhaps it is useful to present one of the proofs (e.g. that (16) satisfies (13)) explicitly:
N (β) †a2k ψ˜a1···a2k − (2k − 1)D
(β) †
[a1
ψ˜a2···a2k−1] (20)
= −(2k − 1)N (β) †a2k N
(β)
[a2k−1
(N † N)−1 D
(β) †
(a2k)
ψ˜a1···a2k−2]
−(2k − 1)(2k − 2) (N † N)−1 N (β) †a2k N
(β)
[a1
D†a2 ψ˜a3···]a2k
= −(2k − 1) (N † N)−1N
(β)
[a1
{
~N † ~D† ψ˜a2···a2k−1] + (2k − 2) [N
(β) †
(a2k)
, D(β) †a2 ] ψ˜a3···]a2k
+ (2k − 2)D(β) †a2 N
(β) †
(a2k)
ψ˜a3···]a2k
}
= 0 ,
3
as the first two terms inside the bracket combine to give (−izEJEψ˜)
(2k−2) (which is zero)
and the last term vanishes by induction hypothesis (i.e. ψ˜(2k−2) satisfying (13)k→k−1).
Note added: Instead of trying to give an analytical meaning to N
(β)
αA (N
†N)−1, one may
simply use
I
(β)
αA := δαβ
iqA
q2
,
as N †aIa = 1 and [Ia, N
†
b ] = 0 (as well as [Ia, Fβ] = 0, making unnecessary the detour via
F ).
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